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Abstract 



We discuss several aspects of the proposed correspondence between quantum gravity on de Sit- 
ter spaces and Euclidean conformal field theories. The central charge appearing in the asymp- 
totic symmetry algebra of three-dimensional de Sitter space is derived both from the conformal 
anomaly and the transformation law of the CFT stress tensor when going from dS3 in planar 
coordinates to dS3 with cosmological horizon. The two-point correlator for CFT operators cou- 
pling to bulk scalars is obtained in static coordinates, corresponding to a CFT on a cylinder. 
Correlation functions are also computed for CFTs on two-dimensional hyperbolic space. We fur- 
thermore determine the energy momentum tensor and the Casimir energy of the conformal field 
theory dual to the Schwarzschild-de Sitter solution in five dimensions. Requiring the pressure 
to be positive yields an upper bound for the black hole mass, given by the mass of the Nariai 
solution. Beyond that bound, which is similar to the one found by Strominger requiring the 
conformal weights of CFT operators to be real, one encounters naked singularities. 
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1 Introduction 



In the last months there has been an increasing interest in gravity on de Sitter (dS) 
spacetimes [|I], |, [5], 0, [|. This is partially motivated by recent astrophysi- 
cal data indicating a positive cosmological constant [|Kj. Apart from phenomenological 
aspects, it would also be desirable to understand the role of de Sitter spaces in string 
theory, and to clarify the microscopic origin of the entropy of dS spaceQ. Whereas string 
theory on anti-de Sitter spaces is known to have a dual description in terms of certain 



superconformal field theories [16], no such explicit duality was known up to now for dS 
spacetimes. The first evidence for a dS/CFT correspondence was given by Hull |17[], who 
considered so-called IIA* and IIB* string theories, which are obtained by T-duality on a 
timelike circle from the IIB and IIA theories respectively. The type IIB* theory admits 
E4-branes, which are the images of D4-branes under T-duality along the time coordinate 
of the brane. The E4-branes interpolate between Minkowski space at infinity and dSs x 
H 5 near the horizon, where H 5 denotes hyperbolic space. The effective action describing 
E4-brane excitations is a Euclidean D — 4, jV = 4 U (N) super Yang-Mills theory, which 
is obtained from SYM in ten dimensions by reduction on a six-torus with one timelike 
circle. This leads to a duality between type IIB* string theory on dSs x if 5 and the men- 
tioned euclidean SYM theory $1% . Unfortunately this example is pathological, because 
both theories have ghostsQ. 



Based on [l7j and related ideas that appeared in |2T], |2|, |], Strominger proposed recently 



a more general holographic duality relating quantum gravity on dSp to a conformal field 
theory residing on the past boundary Z~ of dSo @ • He argued that in general this CFT 
may be non-unitary, with operators having complex conformal weights, if the dual bulk 
fields are sufficiently massive. The asymptotic symmetry algebra of three-dimensional 
de Sitter space was found to consist of two copies of Virasoro algebras with central charges 
c = c = 3//2G ||, where I is the dS 3 curvature radius, and G denotes Newton's constant. 



This generalizes the result of Brown and Henneaux [£3[ to the case of positive cosmolog- 
ical constant. In this paper, we derive this central charge by two independent alternate 
methods. The first uses the relation to the trace anomaly, whereas the second is based on 
the transformation law of the CFT stress tensor when going from the plane, corresponding 
to dS3 in planar coordinates, to the cylinder, corresponding to dS3 with a cosmological 
horizon. The shift of — c/24 in the Virasoro generators is thereby identified with the neg- 
ative mass of dS3 in presence of a cosmological horizon. 

The two-point correlator for CFT operators coupling to bulk scalars is then obtained in 
static coordinates. This correlation function agrees with the result that one would get by 
starting with the two-point function on the plane, and then using the scaling relations 



-"Tor microscopic derivations of dS entropy based on the Chern-Simons formulation of 2+1 dimensional 
dS gravity, or on other approaches that are not directly related to string theory cf. |pl[-|l5[. 

2 Note however that Euclidean super Yang-Mills theory can be twisted to obtain a well-defined topo- 
logical field theory in which the physical states are the BRST cohomology classes [[l8[ [l9| |2(]] . According 
to |ri^| , this should correspond to a twisting of the type IIB* string theory with a topological gravity 
limit. 
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for CFT operators under the coordinate transformation from the plane to the cylinder. 
Thereby, the conformal weights of the operators are given in terms of the masses of the 
bulk fields. Several properties of the correlator in static coordinates are discussed. 
We also compute correlation functions for CFTs on two-dimensional hyperbolic space, 
dual to dS3 in hyperbolic slicing. 

Finally we consider the Schwarzschild-dS black hole in arbitrary dimension, and derive 
a Smarr-like formula. For the five-dimensional case, we determine then the stress tensor 
and the Casimir energy of the dual CFT. Requiring the pressure to be positive yields 
an upper bound on the black hole mass, much like the bound obtained in || for bulk 
scalars, following from reality of the CFT conformal weights. Our bound is exactly the 
mass of the Nariai solution |24[] , for which the event horizon and the cosmological horizon 
coalesce. 



2 The Stress Tensor for de Sitter Space 

The gravitational action of (n + l)-dimensional de Sitter gravity has the form 



'bulk 



surf 



16ttG 



d n+1 x^g I R - 



M 



n(n — r 



8ttG 



dM 



d n x^K. (2.1) 



The first term is the Einstein-Hilbert action with positive cosmological constant A = 
n(n — 1) /2Z 2 , whereas the second is the Gibbons-Hawking boundary term necessary to 
have a well-defined variational principle. K is the trace of the extrinsic curvature K^ u = 
—^(fi n u) of the spacetime boundary dAi, with denoting the outward pointing unit 
normal. 7 is the induced metric on the boundary. In evaluating expressions like ( [2.1| ) 
one usually encounters divergences coming from integration over the infinite volume of 
spacetime. In the case of adS gravity, a regularization procedure was proposed in 
[27jj , that consists of adding counterterms constructed from local curvature invariants of 
the boundary. These counterterms, which are essentially unique, can be easily generalized 
to the case of positive cosmological constant, yielding 



ct 



8ttG 



dM 



n 



1 



in 



1 



2(n 



;2.2) 



where 71 is the Ricci scalar of the boundary metric 7. Using / = /bulk + ^surf + la, one 
can then construct a conserved stress tensor p8f associated to the boundary dAi, 
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87TG 



K 



(n-1) 
I 



-7 



fJ,V 



IG 



[IV 



(n-2) 



(2.3) 



where Q^ v is the Einstein tensor of 7. This generalizes the result of |J for three- 
dimensional de Sitter gravity, where the last term in (|2.2j ) and fl2.3| ) has to be omitted. 
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3 CIS3 Central Charge from Conformal Anomaly 



We start from CIS3 in spherical slicing, 



ds 2 = -l 2 dr 2 + l l cosh 2 r(d6 2 + sin 2 6d(j) 2 ) . (3.1) 

These coordinates cover the entire spacetime. The Carter-Penrose diagram of ( [3.1|) can 
be found in || . Using ( |2.3| ) , we can now compute the stress tensor of the dual Euclidean 
CFT, residing on the past boundary Z~ (r — > —00), i. e. on a two-sphere S 2 . This yields 

The CFT metric can be obtained by setting dr = in ( |3.1|) and dropping the diverging 
conformal factor cosh 2 r. This gives the trace anomaly 

T = hTT lv = --^- (3.3) 
Comparing this with T = —cR/24tt, where R = 2/1 2 , we learn that 

confirming the result of ||. 

Alternatively, one could consider dS^ in the coordinates (cf. appendix) 



ds 2 = -l 2 dr 2 + I 2 sinh 2 r(d9 2 + sinh 2 9d<p 2 ) , (3.5) 
corresponding to a conformal field theory on the hyperbolic space H 2 . Then one gets 

Tee = 167tG ' T ^ = T6^ Sinh ^' (3 ' 6) 



so that T = l/87rGl. As the scalar curvature is now R = —2/1 2 , this yields again (3.4). 
We finally note that the slicing (|3.5| ) allows furthermore to consider CFTs on compact 
Riemann surfaces of genus g > 1, by quotienting dS3 by a suitable discrete subgroup T of 
the isometry group SO(2, 1) of H 2 . 
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4 Central Charge from Casimir Energy 



There is still another way to obtain the central charge 
coordinates, with metric 



. Consider dS3 in planar 



ds 2 = -dr 2 + e~ 2T/l dzdz , 

where — oo < r < oo, and z, z range over an infinite plane. Using n ■ 
easily checked that the energy momentum tensor (|2.3|) vanishes for ( fO 
By means of the transformation 



(4.1) 

-d T , it can be 



r = t- l -\n\V(r)\, 

-itp+t/l 



V(r) 



r 



-^ e i<t>+t/l 



z = r\V(r)\ 2 e 
z = r\V(r)\~ 

~A\) can be cast into the form 

ds 2 = -V{r)dt 2 + Vir^dr 2 + r 2 d(j) 2 



(4.2) 



(4.3) 



where is identified modulo 2ir. The Carter-Penrose diagram of (fOf) is shown in figure 
flip. The past and future boundaries correspond to r = oo. 



r = 




r = 



Figure 1: Carter-Penrose diagram for de Sitter space [29]. correspond to r = oo. 



The characteristic feature is the appearance of a cosmological event horizon |29] at r — I, 
with temperature T = l/27r/ and Bekenstein-Hawking entropy S = nl/2G. For r > I, the 
Killing vector dt = l~ l (zd z + zd s ) + d T becomes spacelike, whereas d r becomes timelike. 
On the past boundary I~ , we have r — > oo, and the transformation (|4.2|) becomes 



l e -i4>+t/l 



z = le i<j,+t ' 1 



(4.4) 
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or equivalently z = I exp(— iw/l), where we defined w = 1(f) + it. This is precisely the 
transformation from the plane to the cylinder, and it is well-known that this induces a shift 
in the Virasoro generators of a two-dimensional conformal field theory. The Hamiltonian 
of time translation in the w frame is 



IE = L + L - ^ • (4.5) 

As the stress tensor ( |2.3| ) vanishes for the metric ( |4.1| ), corresponding to z,z, we know 
that the conformal weights Lq and Lq are zero. On the other hand, we can compute the 
stress tensor for dS3 in static coordinates ( |4.3| ) (corresponding to w, w), and from this the 
Hamiltonian H. A straightforward calculation yields for r —>■ oo 



The conserved charge M associated with the Killing field k = dt is given by f28 , p5 



/■27T 

M= / T^k^dcp. 
Jo 



(4.7) 



where u = (r 2 /I 2 — 1) 1 ^ 2 dt is the unit normal to the surface T, t of constant t in dAi, and 
a denotes the induced metric on E 4 . One then gets 

Equating this with the Hamiltonian H, and using c = c, we finally obtain 

5 Two-point Correlators in Static Coordinates 

Like in 0, we can now compute correlation functions of CFT operators that couple to 
bulk fields, in the spirit of the AdS/CFT correspondence. For simplicity, we will consider 
only massive scalar fields. In the static coordinates (|4.3|), the Klein-Gordon equation 
reads 



m 2 $ = V 2 $ = -d r (rV(r)d r $) - ^-a 2 $ + —9?$ . (5.1) 
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Near X , the last two terms in ( |5.1| ) can be neglected, leading to the asymptotic behaviour 



(5.2) 



for r — > oo, with h± given by 



h± = 1 ± VI - m 2 / 2 



(5.3) 



We will consider only the case < m 2 / 2 < 1, which implies real h±. Similar to |§, we 
impose the boundary condition 

lim $(r, t, <p) = r~ h ~ $_ (t, <p) . (5.4) 

1 — »oo 

The two-point function of the operator O coupling to $ can be obtained from 



lim / dt dd) dt' 



[rr 



A2 



$(r, t, 0R,G(r, t, 0; r', t', ^d^tf, t', 0' 



(5.5) 



where G denotes the Hadamard two-point function given in (|R5|) , and dr* = {-V{r))' l ' 2 dr. 
For r — > oo, G behaves like (cf. (|B.9|) ) 



lim G(r,t,(f>;r',t' 



7 + (rr 



r\-h-i 



cosh — cos A0 



-h+ 



+ 7_ (rr 



cosh — cos A0 



(5.6) 



where 7± are constants, and At = t — t', A0 = — 0'. Using ( |5.4| ) and ( |5.6| ), the expression 
reduces modulo a constant prefactor to 



const 

dt d0 dt' dcj)' (t, 0) : : 

i [cosh ^ - cos A0] ' 



(5.7) 



This yields the two-point correlator 



(0(t,0)0(t',0')> 



const. 



[cosh^ -cosA0] + 



(5.8) 



or in the coordinates w, w, 
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-niTh + (Aw+Aw) 

(0(w, w)0(w', w')) = const. =■ =- , (5.9) 

N V ' V " (\ _ e -2mTAiv\ h + n _ e -2niTAw^ h + v ' 

where T = l/2nl denotes the Hawking temperature of the cosmological horizon. The 
AdS analogue of ( |5.9| ) has been obtained in fl30| . In that case, it corresponds to a BTZ 
black hole in the bulk. (|5.9f) agrees with the result that one would get by starting with 
the two-point correlator 



{0(z,z)0(z f ,z'))~ (5.10) 
{AzAz) n + 

obtained in |J, and using the scaling relations for dimension {h + , h + ) operators under the 
coordinate transformation from the plane to the cylinder f31fl . 

Note that the finite extent of the system is not in t direction, but along the coordinate 4>. 
The infinite cylinder geometry that we have should thus correspond rather to a quantum 
chain at zero temperature, but with periodic boundary conditions, and not to an infinite 
chain at finite temperature. The system would thus have a correlation length £ = l/h + , 
and a mass gap SE = h + /l between the ground state and the first excited state fl32| . 
Alternatively, one could interpret ( |5.9| ) as a thermal correlator at imaginary temperature 
%T = i/2irl, 



(0(w,w)0(w',w')} ~ [sinh(inTAw)smh(i7rTAw)]~ h+ . (5.11) 

This would mean that the coordinate transformation z = lexp(—iw/l) induces a Bo- 
goljubov transformation of the operators 0(z,z) to new operators 0(w,w) that see the 
Poincare vacuum as a thermal bath of excitations (at imaginary temperature). Note also 
that ( |5.8|) is invariant under the shift 



At^At + i(3, (5.12) 

where f3 = 1/T. This means that the temperature is imaginary, because t is already a 
Euclidean time. The significance of an imaginary temperature in this context remains 
rather obscure, but it may be related to the fact that X~ lies actually behind the horizon, 
whereas the concept of a (real) Hawking temperature is well-defined only outside the 
horizon. 

It is possible to rederive the central charge ( |3.4j) by expanding (|5.8| ) in powers of At and 
A^Q, which yields the leading term ( 5.1U| ) plus finite size corrections. Inserting the correct 



prefactor for the two-point function of dimension (h + , h + ) operators on the cylinder |$3| 
we have 



3 I would like to thank Tassos Petkou for pointing out this to me. 
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{o(t, 0)0(o,o)) = r 2 ^ 

which yields for small t, <fi 



2 cosh - — 2 cos < 



-h+ 



(5.13) 



2 , i2i2\-h 4 



(O(t,(j))O(0,0)) = (t 2 + l 2 (j> 



l-^-w 



One can now compare this with the operator product expansion |33| 



(5.14) 



0(r)0(O,O) ~ r- 2/l + + ^(r)T^(O) 
where in our conventions 



(5.15) 



(5.16) 



Using the expectation value (4.6) of the energy momentum tensor, one obtains again 
c = 3//2G. 



6 Two-point Correlators in Hyperbolic Coordinates 

In ||, the two-point function of CFT operators that couple to massive Klein-Gordon bulk 
fields was computed for the case where the CFT lives on a sphere S 2 . Starting from 
dS3 in hyperbolic coordinates ( p.5|) , we can do similar calculations for CFTs on H 2 . The 
Klein-Gordon equation reads 



m 2 / 2 $ = / 2 V 2 $ 

12 



d;$-2cothrd r $ + 



-<%(sinh#<%$) + 



1 



sinh 2 t sinh 9 sinh 2 r sinh 2 9 

For r — > — oo, the last two terms in ( |6.1| ) can be neglected, and thus 



«9 2 $. (6.1) 



lim $(t, 0, ■ 



The asymptotic behaviour of the propagator is (cf. (|B.12|) ) 



(6.2) 



lim G(t,w,w;t' ,v,v) 



\h- 



M^ a-^a-^ , 7 _ c ,_ (T+r0 (i-^) fe -(i-^y (6 3) 
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where w = tanh |e J?i is a complex coordinate on H 2 . The hyperbolic analogue of ( |5.5| ) 
reads 



lim / M^/iH/i^) e - 2(r+T,) $(r,w,w)<9 r G(r, 
->~°°Ji- L ^ 



(6.4) 



yjh(w) = 2(1 — to) 2 denoting the measure on H 2 . Inserting (|6.2|) and ( |6.3|) into (fT 
one obtains, up to a normalization constant, 



d 2 w d 2 v y/h(w)h(v) (7 + <E>_(w, w)A h+ $_(v, v ) + 7_$+(w, w)A ft _$ + (u, t> )) , (6.5) 



where A^ ± is the two-point correlator for a conformal field of dimension h± on the hyper- 
bolic space H 2 , 



(1 — ww)(l — vv) 



\w — v\ 



h± 



(6.6) 



7 Schwarzschild-de Sitter Black Holes in Arbitrary 
Dimension 



The metric for the Schwarzschild-de Sitter black hole in D dimensions readsQ 



ds 2 = -V(r)dt 2 + V{r)- l dr 2 + r 2 dQ 2 D _ 



21 



(7.1) 



where 



nr) = i-^r-' 



I 2 



(7.2) 



and dQ 2 D _ 2 denotes the standard metric on the unit S D ~ 2 . For D = 5, the product of 
(|7.1 ) with hyperbolic space H 5 is a solution of IIB* supergravity |17|], whereas for .D = 4, 
the de Sitter black hole ( |7.1| ) times adS7 solves the equations of motion |2TJ of the low 
energy effective action of M* theory ||38|| , which is the strong coupling limit of the IIA* 
theory, and has signature 9 + 2. 
For mass parameters \i with < fi < [An, where 

4 For generalizations cf. 63] -]p7|. 



9 



21 



D-3 



UN 



D- 1 \D 



D-3 



D-3 
2 



(7.3) 



one has a black hole in de Sitter space with event horizon at r = r# > and cosmological 
horizon at r = rc > rn, with V{th) = V{rc) = 0. For fi = fi^, the event horizon and the 
cosmological horizon coalesce, and one gets the Nariai solution pi| . For \i > fi^, ( |7.1|) 
describes a naked singularity in de Sitter space. We thus notice that the absence of naked 
singularities yields an upper bound for the black hole mass. Below we will see (for the 
case D = 5) that the same bound results from the requirement that the pressure of the 
dual CFT must be positive. It is interesting that analogous bounds arise for bulk fields 
coupling to CFT operators, if one wants to have real conformal weights || . 
We start by deriving a Smarr-like formula for (|7. 1|) , following the lines of [|29 
the Killing identity 



Consider 



V^fc" = R vp k p = —p-kv , (7-4) 

where k^ is a Killing vector, V^k^ = 0, and we used the Einstein equations in the last 
step. Now integrate ( |7.4| ) on a spacelike hypersurface S t from the black hole horizon r# 
to the cosmological horizon rc- On using Gauss' law, this gives 



-/ / ME", (7.5) 

where the boundary <9£ 4 consists of the intersection of H t with the black hole- and the 
cosmological horizon, 



d^ t = S D - 2 (r H ) U S D -\r c ) . 
Applying ( |7.5| ) to the Killing vector k = d t yields 



(7.6) 



d -2 r ^ d - 2 r /v 

16nG(D - 3) J sD - HrH) V ^ d ^ + i Q7rG{D _ 3 ) J sD ^ rc) V 

_ (D-l)(D-2) r 

- 8*GP(D-3) L Kd ^ ' 



(7-7) 



where G = l P denotes Newton's constant. One can regard the right-hand side of 
Eq. ( |7.7| ) as representing the contribution of the cosmological constant to the mass within 



the cosmological horizon. As in |[29|| ) we therefore identify the second term on the left- 
hand side as the total mass Mq within the cosmological horizon, and the first term as the 
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negative of the black hole mass Mbh- The latter can be rewritten by using the definition 
of the surface gravity %, which, by the zeroth law, is constant on the horizon. In this 
way, one obtains 



M, 



BH 



D-2 
8nG(D - 3) 



K H A H 



(7.8) 



where Ah denotes the area of the event horizon. One therefore gets the Smarr-type 
formula 



M, 



c 



D-2 (D-l)(D-2) 
-k h A h + 



k„dZ v 



8nG(D-3)'""^" ' 8ixGl 2 (D - 3) v 
from which a first law of black hole mechanics can be derived. Evaluating ([7.9|) yields 



(7.9) 



Mi 



c 



(D - 2)V D - 2 
16nG 



2 r. 



D-l 

C 



D-3 P 



(7.10) 



where Vd-2 is the volume of the unit S D ~ 2 . 

Alternatively, we can use the stress tensor ( |2.3| ) in order to associate a mass to the 
spacetime (|7.1| ). We will consider only the case D = 5, and write the metric on the unit 

S 3 as 



dfli = dd 2 + sin" 



+ cos 2 edip 2 



(7.11) 



Then the stress tensor ( |2.3|) of the CFT dual to the Schwarzschild-de Sitter black hole in 
five dimensions reads 



8nGT tt 
8nGT ee 
87rGT00 
8-kGT^ip 



12 [i - 3/ 2 
-4/i/ + Z 3 



+ 0{r 



yr 
8r 2 



+ 0(r 



(7.12) 



-V + z 3 . 



sin^ 6 + 0{r- 



— cos 9 + Oir 

8r 2 



(7.13) 



Like in the AdS/CFT correspondence, the metric of the manifold on which the CFT 
resides, is defined by 
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I 



2 



hfw = lim —7^, (7.14) 



r— >oo r 2 



where 7^ denotes the induced metric on the boundary dAi. The field theory's stress 
tensor T^ v is related to the one in ( |2.3| ) by the rescaling |}9] 



Vhh ltp f'» = lim V77mp^ , (7-15) 

r— >oo 

which amounts to multiplying all expressions for T^ u in ([7.12Q by r 2 /l 2 before taking the 
limit r — > 00. Defining the "pressure" 

P = -64^T' (7 - 16) 
and f = (1, 0, 0, 0), we can write the energy-momentum tensor as 



f/u, = pi-fopVv + h^) , (7.17) 

which is conserved and traceless. Note that the pressure is positive precisely if /x < fi^, 
i. e. if naked singularities are absent. 

The conserved charge associated with the Killing vector k = d t is given by 

m = Jr^k^dedtpdip, (7.18) 

where, as in Q4.7p , u = (— V^r)) -1 / 2 ^ is the unit normal to the surface E 4 of constant t 
in dA4, and a denotes the induced metric on E t . One then gets 



M = ^(,-g. (7.19) 

This is to be identified with the energy of the dual CFT. Note that M is negative for 
/j < fipf. The Casimir energy Ec of the conformal field theory, which lives on R x S 3 , is 
obtained by setting /x = 0, i. e. , for pure de Sitter space without a black hole. We have 
thus 



3tt/ 2 

It is interesting to note that this can be obtained from the mass of anti-de Sitter space, 
Ec = 37r/ 2 /32G [p5] , corresponding to the Casimir energy of Af = 4 super Yang-Mills 
theory on M x S 3 , by simply replacing I 2 — > —I 2 . 

We also notice that M in ( |7.19| ) is different from Mc ( [7.1U| ), because the latter keeps track 
only of the mass within the cosmological horizon, whereas the former has contributions 
also from outside. 



12 



Note added 



Some time after this paper was posted on the web, a related computation of the Schwarz- 
schild-de Sitter mass ( [7.1 9| ) appeared in ffnfl . There the same result ( |7.19| ) was obtained, 
but with opposite overall sign. This sign difference comes from the definition 



+ 



2 51 



(7.21) 



for the stress tensor of the dual CFT used in ppfl , whereas in ( |2.3p we defined T^ v = 
— (2/ ^/j)SI /Sj^J^ The motivation for choosing the opposite sign in ||0| was to get an 
energy that increases with the entropy. Indeed the entropy of the cosmological horizon, 



S, 



c 



~2G 



(7.22) 



increases with decreasing /i (for fi 
the same time, the mass 



0, it reaches its maximum value Sc = I 7T /2G). At 



w 3tt I 2 

M = — — ( a 

8G V 4 p 



(7.23) 



obtained in \W\ rises if we lower /i. The temperature Tc of the cosmological horizon, 
derived from the thermodynamic fundamental relation as Tq = dM/dS, is then positive. 
Things change however if we consider the entropy Sh of the black hole event horizon 



instead of the entropy of the cosmological horizon. Inserting \i = rjj/ c 



-r H/c /l and 

Sh/c — ^h/c 71 ' 1 ! /2C into (|7.19|) , we obtain, up to the Casimir term (|7.20| ), the fundamental 
relation 



M(S) 



3vr 
8h 



2S\ 
^ ) 



2/3 



I 2 Vtt 2 J 



4/3' 



(7.24) 



where 5* can be either Sh or Sc- The temperature is then given by 



T, 



dM 



H/C 



OS 



H/C 



2r 



H/C 



2vr \r H/c 



P 



(7.25) 



As we have r 2 H < l 2 /2 and r 2 c > l 2 /2, the black hole temperature is positive with our 
definition, whereas the temperature associated to the cosmological horizon is negative. If 
we use instead the mass ( [T.23|) of j40|, T c is positive, whereas the Hawking temperature 
T H of the black hole is negative, or, in other words, the mass decreases with increasing 
black hole entropy. 

5 The definition (|2.3|) was also used in Jfll. 



13 



Acknowledgements 



This work was partially supported by INFN, MURST and by the European Commission RTN 
program HPRN-CT-2000-00131, in which D. K. is associated to the University of Torino. The 
author would like to thank S. Cacciatori and A. C. Petkou for useful discussions, and A. Stro- 
minger for clarifying correspondence. 



A Coordinate Systems in de Sitter Space 
A.l Static Coordinates 

Consider M.® +1 with coordinates X A , A = 0, 1, . . . , D, and metric (tjab) = diag(— 1, 1, . . . , 1). 
.D-dimensional de Sitter space dS^ can then be denned as the hypersurface 



VAB X A X B = l 2 . (A.l) 



Fix now 



(X ) 2 - (X D ) 2 = -f[\- r l)= -fV{r) . (A.2) 



One has then 



(X L Y + . . . + (X^ 1 ) 2 = r\ (A.3) 

so the coordinates X 1 , . . . ,X jD ~ 1 range over a (D — 2)-sphere S D ~ 2 with radius r. If we 
parametrize the hyperbola (|A.2| ) of fixed r by 

X° = Vr 2 - I 2 cosh j, X D = Vr 2 - I 2 sinh j , (A.4) 
then the induced metric on the hypersurface ( |A.1| ) is given by 



ds 2 = -V{r)dt 2 + V{r)- l dr 2 + r 2 dQ 2 D _ 2 , (A.5) 
where dfl 2 D _ 2 denotes the standard metric on the unit S D ~ 2 . (|A.5|) describes de Sitter 



space in static coordinates, with horizon at r = I. 

Below, we shall compute the de Sitter invariant Hadamard two-point function. To this 
aim, we need the geodesic distance d(X, X') between two points X and X' on ( |A.1|) , which 
reads 01 
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where 



d = I arccos P , 



(A.6) 



l 2 P{X,X')=X A r lAB X' B . (A.7) 
In the coordinates ( |A.5| ), one gets 

l 2 P(X, X') = -Vr 2 -l 2 Vr' 2 -P cosh + rr' cos 6 , (A.8) 

where G = Q') denotes the geodesic distance of two points with angular variables Q 
and Q f on the unit S D ~ 2 , e. g. B = — 0' for D = 3. 

Alternatively, we can fix 

(X D ' l f + (X D ) 2 = r 2 + l 2 . (A.9) 

This yields 

-(X ) 2 + (X 1 ) 2 + . . . + (X D - 2 ) 2 = -t 2 , (A.10) 

so the coordinates X°, X 1 , . . . , X D ~ 2 range over a hyperbolic space H D ~ 2 with curvature 
radius r. Parametrize the circle ( |A.9| ) of fixed r by 

V „ n /-T. . v 



X D - 1 = v^TT 2 cos - , X D = V^Tl 2 sin - . {All) 



This leads to the induced metric 



ds 2 = - ( 1 + ?pj dr 2 + (l + ^ ) dv 2 + r 2 dY? D _ 2 (A.12) 



on the hypersurface ( |A.1| ). dY? D _ 2 is now the standard line element on the unit hyperbolic 
space H D ~ 2 . 
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A. 2 Hyperbolic Coordinates 

If we set instead 



X^ = /coshr, (A. 13) 

then the coordinates X°,X l , . . . 1 X D ~ l range over H D ~ l with curvature radius /sinhr. 
The induced metric on flA.ll) takes the form 



ds 2 = -l 2 dr 2 + I 2 sinh 2 rdE^_ x . (A. 14) 

Let us write the hyperbolic metric dT, 2 D _ 1 as 

dY? D _ x = d9 2 + sinh 2 9dtt 2 D _ 2 , (A.15) 
where dVt 2 D _ 2 is the line element on the unit S D ~ 2 . This yields 

P(X,X') = cosh t cosh t' — sinh r sinh r' cosh 9 cosh 9' 

+ sinh t sinh r' sinh 9 sinh 9' cos , (A. 16) 

where again G = Q(Q, Q') denotes the geodesic distance of two points with angular 
variables Q and Q ; on the unit S D ~ 2 . 

B Green's Functions 

The de Sitter invariant Hadamard two-point function 

G(X,X') = const. (0|{$(X),$(X / )}|0) (B.l) 

obeys 

(V 2 -m 2 )G(x,x') = 0, (B.2) 
and depends on x and x' only through P, as de Sitter space is maximally symmetric. As 



shown in 41 , one can write 



Z 2 (V 2 - m 2 )f{P) = (1 - P 2 )^l - DP^L - m 2 l 2 f (B.3) 
for an arbitrary function /. This leads to the differential equation 
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for the Hadamard two-point function, with the solution 



(B.4) 



where F is a hypergeometric function, and 



;b.s) 



h± = -(D - 1 ± y/(D - l) 2 - 4m 2 / 2 ) . 

( |B.5[ ) generalizes the result of || to arbitrary dimension. 

In the static coordinates ( |A.5| ), one has the asymptotic behaviour near X" 



;b.6) 



lim P(r,t,fl;r',t',n' 



r,r'—> oo 



" I 2 



cosh — — - — cos 9 



which diverges. Like in 0, we can then use the formula 



F(h+,h-, y;z) = 

r(f )r(fe_ - ft. 
r(/L)r(§ - /i. 



-2 



F(h + ,h, 



D 
~2 



l,h+ 



together with F(a, (3, 7; 0) = 1, to obtain 



i; -) + (h, 

z 



(B.7) 



(B.8) 



lim G(r,t,n;r',t,SY) = 

r(f )r(/L - /tyv 
r(Mr(f-M Uv 



cosh — cos 6 



(ZlH 



;b.9) 



The asymptotic scaling behaviour of the two-point function G was first observed in 
In the hyperbolic coordinates ( |A.14j ), one has the asymptotic behaviour near X~ 



lim P(r, 9, Q; r', 9', Q') = \^ T ~ T ' [1 - cosh 9 cosh & + sinh 9 sinh 9' cos 9] , (B.10) 



T,T' — > — OO 



which again diverges. Using (|B.8|) , we get 
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lim G{t, 6, 0; t', 6', SI') = 

l _+i%h +e h + (T + T>) [ cogh Q cogh Q, _ ginh Q ginh @ _ X yh + ^Q H^J 



r(f)r(fe_-fe. 
r(^_)r(f -m 



+0 + <-> . 

For .D = 3, using the complex coordinate w = tanh ~e l< ^, ( |B.11| ) reads 



lim G(t,w,w;t',v,v) 

T,T f — >00 



r(|)r(fe_-fe + ) 
r(/i_)r(| - h+) 



^h +e h + (T+r') 



(1 — ww)(l — vv) 



h+ 



\w 



(B.12) 
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